On some small scale each constituent of an immiscible mixture occupies a separate region of space. Given sufficient time and computing power, we could solve the continuum field equations and boundary conditions for this heterogeneous system. This usually represents an enormously difficult task that is well beyond today's computational capabilities. Mixture theories approximate this complex heterogeneous formulation with a set of field equations for an equivalent homogeneous material. In this work, we compare the theory for immiscible mixtures by Drumheller and Bedford with the theory of Passman, Nunziato, and Walsh. We describe the conditions under which these theories reduce to an equivalent formulation, and we also investigate the differences in their microinertial descriptions.
Introduction
The theory of mixtures has undergone significant developments in recent decades. For example see the review article by Bedford and Drumheller [l] and the book by Truesdell [a] . People in continuum mechanics place most mixtures into one of two general categorieseither immiscible or miscible mixtures. The theories for immiscible mixtures employ the concept of volume fraction, which will be defined below, whereas theories for miscible mixtures do not employ this variable. Blood is an example of an immiscible mixture of cells and plasma, while in contrast, air is a miscible mixture of nitrogen and oxygen with small amounts of argon, carbon dioxide, and hydrogen. Sometimes the term multiphase mixture is applied to an immiscible mixture of two phases of the same material such as in boiling water. Continuum theories have been designed for both miscible and immiscible mixtures. In these theories, we assume that each constituent simultaneously occupies the same region of space. Of course on some small spatial scale especially in the case of immiscible mixtures this is not true, but this assumption is made to facilitate the development of tractable continuum theories that still retain what we might judge t o be the essential features of the mixture. As we shall show, such judgments are often very subjective.
Our topic is immiscible mixtures and more specifically on the role that volume fraction has played in the development of these theories. We will assume the mixture is composed of N constituents. When we speak of a particular constituent we will usually refer to it as the e-th constituent of the mixture, where any lower-case Greek letter might be used. But we will also pay special attention to a binary mixture, N = 2, which consists of a porous solid, = G.
This class of binary mixture has been used to model the burning and detonation of propellants and explosives [3] . In this special case the stress in the solid is represented by a bold-faced symbol T s because it is a second order tensor, while the pressure in the gas is represented by an italic symbol p~ because it is a scalar. As we mentioned above, the crucial parameter that distinguishes a theory for immiscible mixtures from a theory for miscible,mixtyresis the scalar quantity called the volume fraction, y~t . For any material volume dV of the mixture, a portion of that volume dVt is occupied = S, and a gas, 
An immiscible mixture is defined to be saturated if
which implies that X F t = 1.
t (3)
Let the mass of the [-th constituent contained in dV be dmc. The partial density pt is defined to be
and the true density& is defined to be
The definition of volume fraction Eq. (1) then leads to the relation
In the 1983 review article by Bedford and the author [l] , we discussed the historical development of the volume fraction concept. We listed numerous references on this particular issue, which go back to 1966. One of the key points of contention in these early works was the form of the equations of balance of momentum for a mixture of fluids. Two possibilities existed for the I-th constituent. When terms that represented the momentum interaction between the constituents were ignored, these two possibilities gave either or Ptat = -Y€ P d P t (8) where at is the acceleration of the I-th constituent. EquationA7-),-. -' which states that the motion is driven by the gradient of the partial pressure ytpt, is the classical result for miscible mixtures. However, this form seemed inappropriate for immiscible mixtures. In contrast, Eq. (8) seemed more appropriate for immiscible mixtures because division by p~ yielded &at = -gradp€. (9) This is the "true" balance of momentum for the I-th constituent, and as the review article pointed out, recovery of this result was crucial t o any immiscible mixture theory. To see why, let us consider the difference between these two forms of the balance of momentum, which is
This is often called the buoyancy term, and it appears in Eq. (7) but not in Eq. (8) . The reason for the choice of this name is not totally clear, but the following specific example may shed light on this terminology as well as illustrate an important contradiction caused by this term.
Consider a bed of sand at rest. If the grains of sand are not packed uniformly in this bed, gradyt # 0 . Ignoring gravitational effects, the sand should remain stationary if pt = constant. The presence of the buoyancy term in Eq. (7) causes it to predict motion of the sand and water for this example while Eq. (8) does not. In a 1978 paper [4], Bedford and the author first showed how this point of contention could be resolved by application of the volume fraction constraint Eq.(3). We derived a mechanical theory for a mixture of immiscible fluids using a form of Hamilton's variational principle, which allowed us to enforce the volume fraction constraint with the method of Lagrange multipliers (see Bedford [5] ). The multiplier condition produced a new variable we called the interface pressure. At a later date, we extended our theory to include mixtures of solids and fluids with chemical reactions and diffusion (see [6] ). Using Hamilton's principle allowed us to include not only the volume fraction constraint but also constraints on the mass transfer during chemical reactions between constituents. Concurrently with [6], Nunziato and Walsh [7] presented a similar theory in which the constraint conditions were not introduced into the balance of momentum postulates but instead were introduced at a later stage of the derivation during their treatment of the entropy inequality. This type of developmei~~mplies that the,in-. terface pressure is in some way directly associated with dissipation; however, from our earlier work it is clear that this is not so.
The work of Bedford and the author [6] as well as that of Nunziato -and Walsh [7] form the basis of most modern theories for immiscible mixtures. These are the two works that we shall discuss here. In addition, we shall also refer to a summary article by Passman, Nunziato, and Walsh [8] . For simplicity we shall refer to [6] , [7] , and [8] as the primary references. There are subtle differences in the two theories, which $e shall point out. However, in many respects they are quite similar. Is it also true that you can find numerous applications of these two theories to experimental data reported in the references we cite. Here our goal is not to report additional comparisons to data, but rather we will address a more fundamental issue. This issue concerns a more precise description of volume fraction in terms of the kinematics of these theories. Let us now discuss why this issue is so important.
In the primary references the quantity volume fraction cpt is postulated much in the same way we have introduced it here. It is not directly connected to the material motion. Indeed this has lead to subjective interpretations of the precise relationship between the material motion and the volume fraction variable. For example, Passman, Nunziato, and Walsh [a] argued that changes in cpt represent material motions that should be governed by an additional balance of momentum. In essence they claimed that volume fraction is a "kinematical variable." Thus they postulated additional equilibrated inertia equations to describe these microscale motions. In contrast, Drumheller and Bedford [6] chose to write a balance equation for pt rather than for pt . Both choices are subjective because neither theory demonstrates a precise relationship between the volume fraction and the material motion.
Here we shall resolve this issue by presenting a kinematical description that allows the volume fraction to be derived from the postulates for the material motion. As you might expect, changing something as fundamental as the description of motion in any theory has the potential to alter entirely the structure of that theory. However, we shall demonstrate how this new description can be fit into the framework of the existing formulations and exactly how it resolves many of the key differences in the primary references. Indeed, to demonstrate just how important this topic is, let us illustrate the essence of a problem faced by the two theories in their present forms. In particular, this example illustrates that the volume fraction can change in the absence of motion, and thus in this example it is not a kinematical variable. 
Kinernat ics
In the primary references the kinematics of immiscible mixtures are formulated in terms of postulates for the motion and the volume fraction cpt. There is no distinction between the portion of the motion that causes the volume fraction to change and the portion of the motion that does not affect the volume fraction. Here we make a clear distinction between these two types of motion. [9] and Eringen [lo] . The resulting theories bear little resemblance to the mixture theories discussed here.
2The 
Because the tensor product is not commutative, these values Fc and At are different from those in Eq. (17) unless one of them is spherical. This is an old issue that has raised many discussions particularly in the field of plasticity where the motion is decomposed into elastic and plastic parts [12] . It is a moot point because each choice leads to different definitions of stress that automatically compensate for the different decompositions.
. .
Conservation of Mass
In the previous section we partitioned the motion into true motion and distention motion. So far the nomenclature associated with these parts of motion is completely arbitrary. In this section we assign the properties to each of the parts of motion that distinguish one type of motion from the other and provides the motivation for our choice of nomenclat ure.
The primary references employ equivalent statements for the conservation of mass. To illustrate this, let us begin with [61, which states that the conservation of mass for the 5-th constituent is
Here p~o is the partial density of the material in the reference configuration and ct is the mass contribution to the reference configuration due to mass transfer from other constituents. Taking Now we are at a juizcture where we can tie the new kinematical basis we presented in the previous section to the mixture formalism as derived in the primary references. This will allow us to establish a 13 connection between the distention and the volume fraction. To make this connection we require that
We calbthis the true conservation of mass, because it resembles the classical conservation of mass for a single material. When it is substituted into Eq. (33), we obtain
This is a key result of this work. It demonstrates that volume fraction is related directly to the motion only in the absence of muss exchange?
The derivative of the logarithm of this expression yields
The equation of conservation of mass for the entire mixture is given by Eq. (32), but this conservation law can also be expressed in another way. We first define the mixture mass density p What we have shown in this and the previous section is that volume fraction and true density are linked to the motion through the true deformation gradient Ft, the distention gradient At, and the mass exchange ct. The true deformation gradient Ft is uniquely connected to the true density pt through the true conservation of mass Eq. (35); however, the distention gradient At is connected to both the volume fraction ye and the mass exchange ct. Previous works have not established these clear links between the motion and the variables pc, ye, and either ct or c a .
What advantages do the definitions of distention motion i t , distention gradient At, and the distention cq ofler to the theories of immiscibze of mixtures?
To answer this question let us return to the example illustrated with Blocks A and B in Figure 1 . We have illustrated these blocks again in Figure 2 , but this time we have also shown how the processes of burning Block A and stretching Block B have altered the distention. We recall that burning does not change the motion. Thus the distention of Block A is not affected by burning; however, because the true density is held constant during stretching, the distention of Block B is changed. Thus by using distention we can distinguish between the burning process acting on Block A and the stretching process acting on Block B.
As we have pointed out, Passman, Nunziato, and Walsh [8] 
Balance of Momentum
We have already shown that the different postulates of conservation of mass given in the primary references are equivalent. The primary references also contain equivalent equations of balance of momentum and coSservation of energy; however, demonstrating this equivalence is more involved. In this section and the next we state the equations of balance of momentum and conservation of energy from [6]. Following this we reduce these results to obtain the equations in [SI.
In [6] we derived the balance of momentum from a postulated form of Hamilton's principle (see also we employed the method of Lagrange multipliers to introduce several constraints into the theory. The volume fraction constraint Eq. (3), the conservation of mass Eq. (29), and the mixture conservation of mass Eq. (32) were explicitly included by this method. Thus in [6] we derive the following equation for the balance of momentum of the &th constituent:
The first two terms on the right-hand side of this equation are conventional expressions. They are the divergence of the stress tensor Tt and the external body force vector ft. The remaining terms are special to mixture theory. Of these the third term is the momentum production vector bt, which is the contribution to the momentum of the (-th constituent through interaction with its neighboring constituents. The last three terms each contain a different Lagrange multiplier. The term (44) 'Conjugate variable pairs contain a "flux" variable, such as rate of change of density, and a "force variable", such as pressure. Each product of these individual pairs contributes to the rate of change of energy. Truesdell [a] has an excellent discussion of how conjugate pairs can be used to define physical components in continuum field theories.
6We might also argue that rather than the scalar pc another stress tensor exists that does work as Fc changes. This is the topic of a forthcoming work.
with the multiplier X enforces the volume fraction constraint Eq. (3), the multiplier p~ enforces the conservation of mass Eq. (as), and the multiplier T enforces the mixture conservation of mass Eq. (32). The significance of these multipliers will become clear as we proceed. For example, we will show that X is the interface pressure acting between the conitituents. The primary references also list microinertia equations. While microinertia is discussed in greater detail in the appendix, here we shall ignore the contributions of microinertia, and therefore [6] gives the following relationships between the constituent pressure and the Lagrange multipliers:
(45) (47) This means that the pressures p t for all of the constituents are equal. You should notice that the p t are not necessarily equilibrium pressures. Theories in which the constituents are all required to have identical equilibrium pressures often yield ill-posed mathematical formulations. (For example, see Embid and Baer 1161.) Accompanying these relationships is another balance equation controlling the exchange of kinetic energy and work during an exchange of mass between constituents. It is ptJc = +Ixs.
PE
We call LE a generalized force that acts on the exchange of mass. We shall see that LE as well as T can be explicitly removed from the field equations.
The equation of balance of momentum for the entire mixture is
The equations in this section are the equations of balance of momentum given in [6] . We shall show that they reduce to the equations of balance of momentum given in [8] but first we will discuss the equations of conservation of energy.
18
6 Conservation of Energy (46) show how the Lagrange multipliers X and pg are connected to the pressures pg, which do appear in [8] . We now show that the remaining terms r and Lg can be eliminated from our system of equations.
The first step in this process is to define a new momentum production term m :
. It is m f = bt + c l (gradr -v). introducing an "extra growth of energy" e t into the energy production i g :
e; E A(+{ -v . gradyg).
While e: appears to be an ad-hoc definition it actually allows mixture constituents t o do work on each other through the interface pressure X and the volume fraction constraint Eq. 'In contrast to this we might; consider solid particles suspended in a fluid. Ignoring viscous effects and assuming the particles do not touch, we see that it is possible to change Fs without doing work.
Reduced System of Equations
Recall that we began our discussion of the equations of balance of momentum and conservation of energy by presenting the results of [6] and then by eliminating T and LE we reduced these results to those of [8] . Here we must repeat this process again because by limiting the discussion to a binary mixture, Baer and Nunziato 
Later we shall show how these balance laws can be combined with specific constitutive assumptions to yield the equations of Baer and Nunziato [3].
_Constitutive Assumptions
We now introduce three new quantities into our theory. They are the Helmholtz free energy $v, the entropy qt, and the temperature 7 9~.
They are related to the internal energy by the Legendre transformation It will also be convenient to define the temperature gradient Gc, where
Now we decompose the distention and the true deformation gradient of the solid into elastic E and plastic P parts as follows:
and We make the usual assumption that the plastic deformation is incompressi ble det Fs = 1 where a similar assumption does not hold for the plastic distention gradient. From the true conservation of mass Eq. (35) we find that
.
Ps (74)
Next we define three sets of primitive constitutive variables: 
(75)
The variable ds is a scalar that represents damage to the solid matrix in the form of cracks that do not necessarily contribute to the distention of the solid. The primitive constitutive variables contained in A s describe the state of the solid, those in AG describe the state of the fluid, and those in AM describe the state of the mixture. Notice that only the elastic portions of the true deformation gradient and the distention gradient appear in As. These This postulate requires that the constitutive equations of the J-th constituent only depend upon the primitive variables At, while the mixture production terms depend upon all of the primitive variables.
Admissible Thermodynamic Processes
With the statement of the constitutive assumptions, we have a theory in which the number of unknown variables equals the number of equations. We have written the constitutive assumptions in a manner that suggests that we are free to assume any functional form containing the primitive variables. This is not true, and in fact many constraints apply that limit the allowed functional forms. In order t o investigate the nature of these constraints, it is convenient to define an admissible thermodynamic process. This is a solution that satisfies the field equations of the theory without regard to the boundary conditions. The set of all such solutions is useful for investigating the constitutive constraints imposed by the second law of thermodynamics (see ,
. [12] ). The following discussion also serves as a summary of the field equations of the theory. Suppose that we know the solutions for the motion and the temperature of each constituent
We now show how to satisfy all of the field equations for the mixture given these solutions. Substitution of these solutions into Eqs. (12), (13) 
Second Law of Thermodynamics
The constitutive relations must obey the constraints imposed by the second law of thermodynamics through the following dissipation inequality:
Coleman and No11 originally argued that the constitutive relationships must be written in such a way as to simultaneously satisfy Eq. (79) for all possible admissible thermodynamic processes (see [la] , page 250).
We apply their arguments here by first solving the conservation of energy Eqs. (68) for PETE and substituting the result into this inequality. Then the transformations Eq. (69) are applied, and the derivatives of the $( are expanded using the chain rule. The result is 
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Reference Solid
The reference solid is a'useful concept in the theory of porous'solids 1121. Suppose for a moment that our solid is undamaged and undistended so that the mixture degenerates to a single nonporous solid that we shall call the reference solid. Then by definition As = 1 and ds = 0. The Helmholtz energy of this material is
The function +~~ ( F f , d s ) is the Helmholtz energy of the reference solid. The equilibrium stress T k e of the reference solid is defined to be (90) -
8$SR -E T R e 3 PS-
(Fs) 8FS
and equilibrium true stress Tse of the mixture is defined to be Thus --
T R e = TSe(F:y fiS, 1,o)-
In some cases it may be reasonable to assume that
In such cases we see that
for all values of the distention gradient As and the damage ds.
Equilibrium States
The dissipation inequality (88) must be zero at equilibrium. We define equilibrium to be states where About every equilibrium state we assume that regions exist in which the solid constituent is elastic and neither damage nor plastic deformation occur. Therefore we must require that the constitutive 
Flow Rules
We shall choose constitutive assumptions that are sufficient to satisfy the dissipation inequality Eq. (88). We do this by satisfying the inequality term by term. Two such constraints on our constitutive postulates are: where we have added the tilde over the ?r to denote that it is the nomenclature of [SI.
Moreover in [8] , & represents "microstructural viscosity." Now notice that when we ignore the equilibrated stress and body force terms in Eq. (5C.7.7) of [8] To satisfy this inequality we specify the following evolution equation
where the sign of the function Ds must be equal to the sign of its
Recall that this constitutive relationship must have a neighborhood about equilibrium where ds = 0. The boundary of this specified neighborhood is called the threshold of damage.
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Symmetry of the Distention Gradient
From Eqs. (47) and (96) the equilibrium condition for the stress of a porous solid without pore pressure, p~ = 0, is
Often it is reasonable to assume that [see Eq. (94)]
Now the stress must be symmetric in both the distended solid and the reference solid. It also seems reasonable to require symmetry of the true equilibrium stress Tse. Thus As must transform a symmetric tensor Ts, to another symmetric tensor Tse. Through the polar decomposition of As we find that it will have this transformation property if
where as is defined by Eq. (22) and Rs is a rotation tensor, which has the properties det Rs = 1.
Thus the distention gradient can at most change the scalar distention as and cause a simple rotation of the material. The source of this limitation on As can be traced to our assumption that p s is a scalar. In the primary references this assumption was used to define force and work terms in the balance of momentum and conservation of energy.
Distention and Pore Collapse
In general, the distention gradient As is a second order tensor. We have found that As must be of the form shown in Eq. (118). Suppose we assume that R = 1 so that
(120)
Then the dissipation inequality Eq. (88) becomes
The equilibrium conditions and the flow rules for the mixture are unchanged except we see that now
The following inequalities are sufficient to satisfy the first three terms of Eq. 
where Y A ( A s ) is a positive scalar function of As. We also notice that the inequality Eq. (1%) constrains only the deviatoric components of the stress.
The pressure , Os and the pressure ps are constrained by Eqs. (123) and (125). To satisfy these constraints let us assume the following cons tit utive relations :
The inequalities are satisfied if UA and UG are positive. Notice that the previous relationships indicate that the enthalpy H s of the burned solid is transferred to the gas. It also places all of the dissipative work due to both pore collapse and material diffusion into the gas. When these assumptions are substituted into Eq. (121) we obtain the following dissipation inequality:
If we also require that 6 > 0, then application of Eqs. (123)-(126) along with our rules for damage and plastic flow allow us to reduce the dissipation inequality to which i s a constraint condition on the constitutive postulate for c i .
Alternate Exchange Formulation
The exchange functions for momentum and energy 
. F~( R M )
is proportional to p s = p~. It has also been pointed out that suddenly compressed granular explosives and propellants undergo heterogeneous heating at the contact points between individual granules. -
Conclusions
The kinematics of our mixture theory are built on the distention gradient As. In our constitutive theory for the granular explosive we have required this tensor to be the product of a scalar and the identity tensor. Thus the determinant of As, which is the distention QS, is sufficient to completely define As. Indeed, cs (as opposed to c i ) is only defined in the primary reference by Bedford and the author, and we do not use it as a primitive variable in our constitutive equations. The implication of this omission is that mass that is native to the constituent is indistinguishable from mass that has been lost or gained through mass exchange. This is a reasonable assumption, but it has some interesting consequences. In particular, as illustratedin Figure 2 we found that either the distention QS or the distention gradient As must be included in the primitive variables to distinguish between a stretching process and a burning process. In Section 8.10, we pointed out that Baer and Nunziato also recognized this distinction because they actually wrote a closure equation for distention and not for volume fraction. What has not been clear until now is that not only the closure equation but all of the other constitutive equations for the solid should be written in terms of distention. Indeed for Baer and Nunziato's theory this implies that the Helmholtz free energy for their solid should be a function of distention instead of volume fraction. This was not immediately apparent from their derivation because they only defined equilibrium pressures in their-theory, and they postulated the closure equation as a separate condition. However, as we have demonstrated their closure condition is actually a constitutive assumption for the stress ,&. Theories for immiscible mixtures have often been based on two variables-the true density and the volume fraction. However, we have shown that a simple decomposition of the motion provides us with a convenient definition for the distention gradient. The determinant of the distention gradient is called the distention, and at first it looks as if the distention is just the inverse of the volume fraction. However, we now know that the presence of chemical reactions decouples the volume fraction from the motion and the distention. While the volume fraction may be an appropriate primitive variable for some constitutive descriptions, we have shown that it is distention that plays the important role in many constitutive descriptions including those for granular explosives.
A Microinert ia
The theories of the primary references each contain microinertia equations. Inclusion of microinertia alters the forms of Eqs. (45) and (46) as well as the equations of balance of momentum and conservation of energy. -There have been very few applications of mixture theory in which microinertia has been employed. Perhaps the only convincing demonstration of its usefulness has been to model bubbly liquids (see [17] , [18] , and [19] ). Here we compare the two ways that microinertia has been modeled in the primary references with particular emphasis on the application to the bubbly liquid problem. In special cases where the y-th constituent has no microinertia, I, = 0, we find that
A.l True-Density Microinertia
x = p,.(145)
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If I, = 0 for several constituents then the pt of those constituents are equal.
You should also notice that for mixtures where it is appropriate to assume that T t = 0, we obtain . .
which is similar to Eq. (8).
A. In particular for a binary mixture in which diffusion is absent, vt = v, this means that Plkl = P2k2.
(154)
As we shall see, this will lead to some interesting consequences.
A.3 Bubbly Liquids
Experimental data for both linear-harmonic waves and nonlinear-transient waves propagating through bubbly liquids have been successfully modeled using a mixture theory with microinertia based on the true density (see 
Recall that to facilitate the discussion we specialized Eq. (141) to the case of sonstant Is. Thus IG cannot be substituted into Eq. (141);
however, you can turn to [19] to see how we used the general microinertia equation to obtain
For the special case of a dilute system ((PG t 0) in which the h i d density is constant, this microinertia equation reduces t o the familiar Rayleigh-Plesset bubble equation. Although this microinertia model for a bubbly liquid has been successfully applied to a variety of data, Passman, Nunziato, and Walsh [8] have criticized it for not exhibiting certain "properties."
Even though it is clear that IG in Eq. (155) applies only to a dilute system, they state that IG should approach zero for two special types of bubbly liquids. First, in the limit of a very dilute suspension of virtually "no" bubbles, they claim that IG should have the following property:
IG + 0, as p~ + 0.
As they correctly point out, our expression for IG meets this requirement because Ro + 0 in this case. In this case the bubbly liquid is "all" bubbles; that is, only gas. It could be argued that this is an unfair constraint on IG because it was derived for bubbly liquids and the individual bubbles coalesce and simply don't exist when they get too close together. Nevertheless, we do notice that in the case of all gas, the average density pF of the fluid lOEquation 156 implies that we are ignoring mass exchange between the bubbles and the liquid. Mass exchange can be included by replacing Eq. (156) with $'7rR37G = $*@(TGO + CG).
surrounding a bubble must approach zero. Thus our IG also meets this requirement. However, Passman, Nunziato, and Walsh claim that it does not (see page 318 of [SI). The reason for their erroneous claim is that they have misquoted our expression for IG in their Eq. (5C.8.15).
As we have stated, Passman, Nunziato, and Walsh hold the point of viewlhat microinertia based on pt is unnecessary. To defend their viewpoint they also formulate a model for a bubbly liquid. As we have shown, an obvious connection exists between the radius of a bubble and the true density jTG of the gas in the bubble. This is the true conservation of mass Eq. (156), which naturally lead us to formulate the Rayleigh-Plesset bubble equation using microinertia based upon & .
However, Passman, Nunziato, and Walsh do obtain a bubble equation using microinertia based on pt. How is this done? They achieve their result by specializing their model to "no slip"
and no chemical reactions. Given that they specialized their model to establish a kinematical link between the true gas density and the volume fraction of the bubbles, it is surprising that they do not achieve the proper result. Closer inspection of their model reveals that the source of this discrepancy is Eq. (154), which requires that (162)
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